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Abstract 
Let X be a topological space and let K(X) be the set of all compact subsets of X. The purpose 
of this note is to prove the following: if X is regular and q-space, then X is Lindelof and Cech- 
complete if and only if there exists a continuous map f from a Lindelof and tech-complete space 
Y to the space K(X) endowed with the upper topology, such that f(Y) is cofinal in (K(X), c). 
This result extends the following result of Saint Raymond and Christensen: if X is separable 
metrizable, then X is a Polish space if and only if the space K(X) endowed with the Vietoris 
topology is the continuous image of a Polish space. 
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1. Preliminaries 
Every concept not defined in this paper must be taken in the same sense as in [6]. 
Let X and Y be two topological spaces. On K(X), the set of all compact subsets of X, 
we will consider two topologies: the Vietoris topology TV for which a canonical base is 
given by the family of all sets of the form 
i 
KEIC(X): KciJU,andXnU,ZOfori=I,...,n 
i=o I 
, 
where Ur , . . . , U, is a finite sequence of open subsets of X, and the second topology, 
denoted r,, which is coarser than -rv and has as a basis the family of all sets of the form 
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{KEK(X):KCU}, h w ere U is an open subset of X. This last topology is also called 
the upper topology because a map f : Y + (K(X), rs) . IS continuous, if and only if it is 
upper semi-continuous in the classical sense. 
A map f : Y + K(X) is called full if f(Y) is cofinal in K(X) ordered by inclusion, 
i.e. for every K E x(X) there exists y E Y with K c f(y). Following [8], the space X 
is called a q-space if every z E X has a sequence (Vn)nGw of neighbourhoods such that 
if 2, E V, for each 72 E N, then the sequence (z~),EN has a cluster point in X. Finally, 
” 
recall that the space X is C&h-complete if X is completely regular and is a Gs-set in 
one (equivalently, in all) of its compactifications. 
The main result of this note is the following. 
Theorem 1.1. If Y is a Lindeliif Tech-complete space, X is a regular q-space and 
f : Y --+ (K(X), 7,) is a continuous full map, then X is also Lindeloifand tech-complete. 
This theorem corresponds to the implication (3) + (1) of Theorem 2.1 in Section 2. To 
establish Theorem 2.1 we need the following result which is essentially due to Ostrowski 
and Michael. Recall that a continuous map f : X + Y is said to be compact-covering if 
for every compact B c Y there exists a compact A c X such that f(A) = B. 
Theorem 1.2. Let X be a Tech-complete space, Y a regular paracompact q-space and 
f : X -+ Y a compact-covering map such that f -’ ({y}) is Lindeliif for every y E Y. 
Then f is inductively pelfect, i.e., there is a closed subset F of X such that f : F 4 Y 
is perfect, and therefore Y is tech-complete. 
For a first countable Y, Theorem 1.2 is exactly Theorem 1 of [12], and also follows 
immediately from Theorems 6.5(e) and 6.6 of [Ill. Both theorems remain valid (with 
obvious changes in proofs) if “paracompact q-space” replaces “first countable”. 
2. Proof of Theorem 1.1 and some related results 
The following theorem, which contains Theorem 1.1, gives some criteria for a regular 
q-space to be Lindelijf and eech-complete. 
Theorem 2.1. Let X be a regular q-space. The following conditions are equivalent: 
(1) X is tech-complete and Lindelox 
(2) (x(X), TV) is tech-complete and Lindelox 
(3) there exists a full continuous map f : Y -+ (K(X), TV), where Y is a Lindeloif 
Tech-complete space, 
(4) there exists a compact-covering map f : r + X, where r is a Lindeliif Cech- 
complete space. 
Proof. (1) + (2). Let ,0X be the tech-Stone compactification of X and (Gn)nE~ a 
sequence of open sets of /3X such that X = n G,. From the equality K(X) = n en, 
A. Bouziud, J. Culbrix / 7ipology und its Applicutions 70 (1996) 133-138 135 
where G, = {K E K(PX): K C G,}, and since (K(X),r,,) is a subspace of the 
compact space (K(,8X),rV), it follows that (K(X),T,,) is Tech-complete. Fix n E IV. 
For each x E X choose a compact neighbourhood K,” in PX such that K,” c G, and 
apply the Lindelof property to obtain a countable cover (K&)mC~ of X. Let (Hz)m,=N 
be the countable family of all finite unions of elements of (KE),E~. From the equality 
K(X) = n, U, HE it follows that (K(X), rV) 1s a Ku6 subset of the compact space 
(K(pX), rv), hence is a Lindelijf space. 
(2) =+ (3). Simply take for f the identity map from (K(X),rV) to (K(X),r,). 
(3) + (4). The space X is Lindelof therefore completely regular. Indeed, let (Gi)iE1 
be an open cover of X that can be supposed stable under finite unions. The family 
(GZ)iE1 is a cover of the space (K(X),r,), h ence 
f(Y). Let ((%)MT”J 
a cover of the Lindelof subspace 
be a countable subfamily which covers f(Y). As f is full, the 
countable family (Gi,)nEn is a subcover of (Gi)iEl. Denote by r the “graph” of f, 
i.e., r = {(y,z) E Y x ,0X: z E f(y)}. The set r, being a closed subspace of the 
Cartesian product Y x OX, is a Lindelijf tech-complete space. Now, the map given by 
the restriction to r of the projection p from Y x /3X to /3X, is a compact-covering map 
from r to X. 
(4) + (1). This is a consequence of Theorem 1.2. 0 
The following consequence of Theorem 2.1 is an extension of the result by Saint 
Raymond ] 131 and Christensen [5] given in the abstract. 
Corollary 2.2. Let X be a regular q-space. The following conditions are equivalent: 
(1) X is a Polish space, 
(2) (x(X), TV) is a Polish space, 
(3) there exists a Polish space Y and a continuous map f of Y onto (n(X), r,), 
(4) there exists a Polish space r and a compact-covering map p from r to X. 
Proof. (1) =S (2). The space (K(X), 7,) is Lindelof, tech-complete and metrizable and 
therefore a Polish space. 
(2) =+ (3). Take for f the identity mapping from (K(X),rV) to (K(X), rs). 
(3) + (4). In this case the space f, considered in the proof of (3) + (4) of Theorem 
2.1 is cosmic, i.e., r is the continuous image of a metrizable separable space [9]. Since 
r is also tech-complete, it is a Polish space (see Remark (I) below). 
(3) =+ (1). It follows from Theorem 2.1 that X is Tech-complete. Since X is also 
cosmic. it is Polish. •I 
Remarks. (1) If “Y is separable metrizable” replaces “Y is Polish” in statement (3) of 
Corollary 2.2, one can prove that this weaker condition implies that X is metrizable. 
Indeed, one can easily check that X is No [9], and, since every one-point subset of a 
cosmic space is a Gs-set [4] and since X is a regular q-space, it follows that X is first 
countable. Hence X is metrizable [9]. 
(2) We cannot replace “f is onto” by “f is full” in statement (3) of Corollary 2.2. 
Indeed, any compact space verifies the new condition. 
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Appendix A 
Let us observe that in proving the implication (4) + (1) in Theorem 2.1, since r is 
Lindelof, we only need a particular case of the Ostrowski-Michael Theorem, viz. 
Proposition. Let X be a tech-complete Lindeloif space, Y a regular q-space and 
f : X -+ Y a compact-covering map. Then f is inductively perfect, and consequently Y 
is tech-complete. 
For the sake of completeness we include a relatively simple proof of this proposition. 
For this, the following technical lemma is needed: 
Lemma. Let Z be a Hausdofl space, Y a paracompact q-space and f : Z + Y a 
compact-covering map. For each countable open cover (H,),En of Z and for every 
y E Y, there exist an integer ny and an open neighbourhood Vv of y such that the map 
f:f-‘(V$jH,iV, 
i=O 
is compact-covering. 
Proof. Let y E Y be such that the property is false and let (Vn)nE~ be a sequence of 
neighbourhoods associated to the q-point y E Y, such that vn+r c V, for all n E N. 
For each n E N, choose a compact set K, C V, such that every compact set K’ c 
f-'(K) NJLoHi verifies f(K’) # K,. The set 
K= (g+(fiy) 
is both countably compact and K,,, hence compact. Let K’ be a compact subset of 
2 such that f(K’) = K and pick no E N such that K’ c (JyJo Hi. The compact 
subset K& = K’ n f-’ (KnO) of 2 is such that f(K&) = K,” and is contained in 
f-’ (V,) f~ Uyio Hi, which is impossible. 0 
Proof of the Proposition. Let (&&N, g, = (Gk)mE~, be a sequence of complete 
countable open covers of X, i.e., if a filter base F on X is such that for each n E N 
some member of 3 is contained in a member of &, then 3 has a cluster point in X. One 
can suppose that cn+t is a refinement of &. Let GO = X. We shall define inductively a 
sequence ((N’,“)iC~,)+r of locally finite open covers of Y, a sequence ((Ay)iCr,,),al 
of collections of open subsets of X and a decreasing sequence (Gn)nE~ of open subsets 
of X such that: (1) Al is contained in the union of finitely many members of f&, (2) 
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f(A?) = WY, (3) Gn = UiEI,, A; and (4) fjc,, is a compact-covering map from G, 
to Y. 
We make the construction for n + 1, n 2 1 (if we put n = 0 we obtain the first step 
of the induction). The map fly,, is compact-covering from G, to Y. By applying the 
preceding lemma to 2 = G, and to the cover (Gk+t n Gn)nEn of G,, choose for each 
y E Y an integer my and an open neighbourhood V, of y such that the restriction of f 
to 
B, = f-‘(V,) n 
( 1 
; G;+’ nG, 
m=O 
is a compact-covering map from B, to V,. Let (WF+‘)iE~,,+, be a locally finite open 
refinement of (V,),,, (recall that Y is Lindelijf hence paracompact). For each i E In+l, 
choose yi such that Wz?+’ c V& and put ml” = myi. For every i E &+I, the set 
my+’ 
A;+’ = f-‘(W,“+‘) n 0 G”,++’ nG, 
( ) m=O 
is contained in the union of finitely many members of &+I and fJA:+t is compact- 
covering from A:+’ to W%F+‘, hence f(Aa+‘) = WtF+*. To achieve the construction it 
suffices to put G,+i = UiEl,+, A:+‘. 
Let F = ncn, and let us show that that the map flu : F --+ Y is perfect. To do 
this, and since Y is a k-space (being paracompact and q-space), it suffices to prove 
that for every nonvoid compact K c Y, the set flFl(K) is compact and f(K’) = K. 
Let K c Y be such a set and put K’ = fjF’(K). To show that K’ is compact and 
nonvoid it is sufficient to establish that for each n E N, K’ is contained in the union 
of finitely many members of $&. Fix n E N. Since (Win)iEln is a locally finite family, - 
the family (g&1,, is locally finite and then c, = Ui Al. For each i E I,, we have 
f(f-l(K) nAi ) = K n f@n) c K nmn. Since K meets only finitely many members 
of (r)iEl,, the set 1,” = {i E 1n 1 K nK # 0) is finite and we have 
&i(K) = f-l(K) n??, = u (f-‘(K) nx) c U x. 
i %I$ 
In order to prove that fly = K, the same argument can be used to show that 
f&‘({y}) # 0 for every y E K. 0 
References 
[l] A.V. Arhangel’skii, On topological spaces complete in the sense of Tech, Vestnik Moskov. 
Univ. Ser. I Mat. Mekh. (1961) 37-40 (in Russian). 
[2] A.V. Arhangel’skii, Factor mappings of metric spaces, Soviet Math. Dokl. 5 (1964) 368-371. 
[3] A.V. Arhangel’skii, Open and near open mappings. Connexion between spaces, Trans. Moscow 
Math. Sot. 15 (1966) 204-250 (English translation). 
[4] J. Calbrix, Espaces K-analytiques et espaces ousliniens, C.R. Acad. Sci. Paris Ser. I 298 
(1984) 481-484. 
138 A. Bouziud, .I. Culbriu / Topology und its Applicutions 70 (1996) 133-138 
[5] J.P.R. Christensen, Topology and Bore1 Structure (North-Holland, Amsterdam, 1974). 
[6] R. Engelking, General Topology (Heldermann-Verlag, Berlin, 1989). 
[7] J. Hoffmann-Jorgensen, The Theory of Analytic Spaces, Various Publications Series 10 
(Aarhus University, Aarhus, 1970). 
[8] E. Michael, A note on closed maps and compact sets, Israel J. Math. 2 (1964) 173-176. 
[9] E. Michael, No-spaces, J. Math. Mech. 15 (1966) 983-1002. 
[lo] E. Michael, Compact-covering images of metric spaces, Proc. Amer. Math. Sot. 37 (1973) 
260-266. 
[l l] E. Michael, Complete spaces and triquotient maps, Illinois J. Math. 21 (1977) 716-733. 
[ 121 A.V. Ostrowski, Compact-covering mappings, Soviet Math. Dokl. 17 (1976) 606-610. 
[13] J. Saint Raymond, Caracterisations d’espaces Polonais, SCm. Choquet (Initiation Anal.) 5 
(1971-1973) 10. 
